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Stability of a Dual-Spin Satellite with Two Dampers
F. R. VlGNERON*

National Space Telecommunications Laboratory, Communications Research Centre, Ottawa, Canada

Linearized equations of motion for a dual spin satellite composed of a platform, a rotor, a
platform-mounted damper, and a rotor mounted damper are solved by the method of averag-
ing to obtain a closed-form first approximation solution. The results obtained are found
to be in good agreement with numerically computed solutions. Analytical stability cri-
teria are also obtained and verified by comparison with the results of Floquet analysis. The
method offered in the paper is based on the established formalism of the method of averaging,
and in principle will yield a complete solution to any degree of approximation desired. In
this application, the solution is noted to be particularly accurate when the masses of the
dampers are small with respect to the total satellite mass, which is the case in current satellite
designs.

A(r),B(r)
011,021
61,62

Ci,C2

Co

•On

Cy
I*

m =
0
0'
Oxyz

Wx'y'z' =

Q
R
Tm(t)
t

x
y

7
A

Nomenclature
distance from pendulum damper mass to 0
moment of inertia of undeformed configuration

about O'x' or Q'y'
variables of motion denned in Eq. (13)
constants defined in Eq. (22)
damping constants of platform and rotor dampers,

respectively
dimensionless damping constants, 6i/mcoz and

&2//»<o«, respectively
moment of inertia of undeformed configuration

about O'z'
moment of inertia of rotor (including sphere) about

O'z'
moment of inertia of platform about O'z'
friction torque in the motor bearing assembly
moment of inertia of rotor damper about its

center of mass
dimensionless inertia, Is/Ao
dimensionless spring constants defined after Eq.

(12)
spring constants of platform and rotor dampers,

respectively
mass of platform damper
instantaneous mass center of configuration
mass center of undeformed configuration
reference frame associated with deformed con-

figuration
reference frame associated with undeformed con-

figuration
dimensionless parameter defined after Eq. (12)
dimensionless inertia, ma2/Ao
torque supplied by the motor
time
dimensionless variables, ux/wz and «„/««, respec-

tively
vector {A,B}
vector U,0,$',0'}
dimensionless rotation rate, y/taz
angular deflection of rotor damper
rotation angle of rotor with respect to platform
(Co - AO)/AQ
small parameter
dimensionless displacement, %/a
phase lag angles of platform and rotor dampers,

respectively
dimensionless time, uzt
ratio of m to satellite mass
component absolute angular velocities of Qxyz

reference frame
linear deflection of platform damper
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Superscripts
. = denotes differentiation with respect to time
' = denotes differentiation with respect to dimensionless

time, T

Introduction

THE mechanics of dual-spin satellites has received a great
deal of attention in the recent literature because of the

immediate application to spin-stabilized communications
satellites.1"8 Of particular interest and study has been the
stability of motion in free space conditions of a satellite com-
posed of a "platform" and a "rotor," each rotating at different
speeds about a common symmetry axis, and each with its own
independent damping.1"6

Stability may be assessed adequately by Routh-Hurwitz
methods when only one body has a damper.1 Inclusion of
two dampers, one on each body, leads to linearized equations
with periodic coefficients. These equations have been in-
vestigated by Floquet analysis,2 but the method does not
appear to be well suited for obtaining a concise statement of
stability criteria owing to the large number of parameters in-
volved. Also, difficulties arise in obtaining accurate results
when the difference in spin rates between the platform and
rotor is large (the case which is encountered in practice).
Qualitative stability considerations for the problem with two
dampers have been proposed as a result of extrapolating
Routh-Hurwitz and Floquet results,1-2 but the arguments put
forth do not lead to explicit stability criteria. The energy
sink method has been applied to the problem with two damp-
ers, and resulting stability criteria are expressed in terms of
energy dissipation rates.1-6 Stability criteria also have been
obtained using function space methods and physical insight
of dynamical motions.3

In the present work, the formal "method of averaging,"9"11

is applied to linearized equations describing a satellite with
two separate dampers, to obtain a closed-form "first approxi-
mation" solution, which is compared with numerical solutions.
Stability criteria are obtained and compared with those of
prior1"6 work.

Equations of Motion

Consider a dual-spin satellite composed of a platform which
contains a pendulum-type damper and a rotor which contains
an internal damper, as shown in Fig. 1. Axes (Wx'y'z') are
assigned to the body so that when the damper springs are in
their unstretched state, the axis O'z' is a common principal
axis of the two bodies (the nominal axis of rotation). The
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point 0' coincides with the mass center of the composite
body, and the axis 0V and O't/' are fixed principal axes of
the platform. In this study, it is assumed that both rotor
and platform are symmetric about the O'z' axis. The rotor
rotates with respect to the platform about the O'z' axis by an
angle y, and a rotation rate is maintained by supplying a
torque with an internal motor. The platform damper is in
static equilibrium with its mass on the O'z' axis, is located a
distance "a" from the mass center 0', and is constrained to
oscillate in the 0V direction. The rotor damper consists of
a sphere in a cavity located at 0', and is constrained to oscillate
about an axis transverse to the rotor as is shown in Fig. 1.
An additional set of axes (Qxyz) are assigned to be parallel
to the (OVT/'z') body-fixed axes, so that 0 coincides with the
instantaneous mass center of the configuration as the platform
damper oscillates.

Equations of motion for this satellite may be derived by
application of conservation of momentum principles1 or by
variatipnal principles. Since the development of equations
of motion for similar configurations is reported in the current
literature,1-3 the derivation will be bypassed, and the equa-
tions of interest will be quoted directly.

The equilibrium solution of interest is that corresponding
to pure rotation about the O'z' axis where,

Accordingly, the motion equations may be linearized in cox,
wy, x> 0, and stability then assessed.

Three linear equations arising from conservation of angular
momentum are,

— I*$ siny - 78|3y cosy +
(Co ~ A0)wywz + CRyo)y - (7.0 cosy + wax)co* = 0 (2)

+ Is$ cosy - I8py siny + max -
— I$uz siny —

WZ + CRy = 0

An equation of motion for the rotor is,
CR(UZ + y) = -Cy + T

(4)

(5)

where cy is a friction torque in the motor bearing assembly,
and rm(0 is a torque supplied by the motor and is designed
to maintain y as a constant in this instance.

Equations of motion for the platform and rotor dampers
are,

[Ki - ww,2(l - /z)k = 0 (6)
1 9ft — 78y cosyco* — 78 sinyco,, — 7«y sinycoy +

7, cosycoy + M + K2p = 0 (7)
Equations (4) and (5) possess a "steady-state" solution,

&z = constant y = y0z (8)

(where y0 is a constant), when the torque Tm(t) is designed
to overcome friction and to damp the relative oscillations be-
tween platform and rotor, as is the usual engineering practice
(for example, Tm(t) = Cy0 + T&, where T, is a constant, will
achieve the required result).

Equation (8) may be substituted into Eqs. (2, 3, 6, and 7)
and the result expressed in the dimensionless form,'

WV + QWy - 2B{' - 7 siny/3" - 7(a + 1) cosy/5' = 0

y' - QWX

W

(9)
/ 0087/9' -

I (a + 1) siny/3' = 0 (10)

Wx + Clf + faf = 0 (11)

PLATFORM

Fig. 1 Dual-spin
satellite configura-

tion.

ft" + c*ft' + hp - a cosyF* - si
cosyF/ - a sinyW y = 0 (12)

where r = uzt, the primes denote differentiation with respect
to T, and

Wx = ux/uz, Wy = coy/w,

= {(Co- A0)/Ao} +CRa/Ao
I = I8/A0, R = ma'/Ao
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Note that a > 0 by definition; i.e., if a < 0, one must
invert the definition of "platform" and "rotor."

Transformation to Standard Form

The parameters R and I are very small in actual practice.
Upon recognizing this, Eqs. (9-12) may be transformed into
a form suitable for application of an asymptotic method of
solution. Introducing new variables A(r) and B(r) by the
transformation,

Wx = A(r) cosQr + B(r) sinQr (13a)

Wy = A(T) sinQr - B(r) cosQr (13b)

and substituting Eqs. (13) into Eqs. (9 and 10) leads to,
A' = e{Ai cosQr + A2 sinQr} (14a)
B' = e{Ai sinQr - A2 cosQr} (14b)

where e is a small parameter (artificially introduced as shown
below), AI and A2 are given by,

A! = {2#£' + / sinT/3" + I (a + 1) COST/?'}/*

A2 = {#(£ - D - / COST/?" + I (a + 1) smyp'}/e
and jR/e, 7/e, are of order of magnitude ki, fa, etc.

Substitution of Eq. (13) into Eqs. (11) and (12) leads to,
(1 - M)^ + erf' + fa£ + A(Q + 1) cosQr +

B(Q + 1) sinQr -f CA2 = 0 (15a)
/3" + c*ft' + fa/3 + A(Q - a) cos(Q - a)r +
B(Q - a) sin(Q - a)r + e(A2 COST - AI SHIT) = 0 (15b)

At this point it becomes evident that Eqs. (14) and (15)
may be rearranged into the form,

xf = eX(x,y) y' = Y(x,y,c) (16)
where x and y are 2 and 4 dimensional vectors: x = {A,B},
y = {£,0,£',0'}. Solutions of Eqs. (16) have been found and
established by the formal method of averaging.9"11 Solu-
tions valid to any degree of approximation may be obtained.
Briefly, one seeks a solution of the form,

X = X (17)

where x and y are the "averaged" solutions, and uk and vk

are time-varying functions. The functions x,y,uk and vk

are obtained by solving differential equations constructed by
formal procedures outlined in Ref. 9, and are usually easier
to solve than the original Eq. (16). To obtain a solution
valid to a "first approximation/' (i.e., x = x, y = y),. one first
solves Eq. (16) with e = 0, to obtain a solution

x = const = x y = f (x,r)
and then constructs the equations for x and $,

dx ..— = lim
dr r-*o

1 /•r+T7

rjr
ez^

y = «*,T

,t(x,t)]dt

(18)

(19a)

(19b)

First Approximation" Solution

The method as outlined will be applied directly to Eqs.
(14) and (15) [without actually transforming to the form of
Eq. (16)], to obtain a "first approximation" solution. The
equations for the solution corresponding to Eq. (18) are,

A' = 0 B' = 0
together with Eqs. (15). Upon solving these, the "steady-
state" values are found to be,

cos(Qr - B sm(Qr -
[(fa -

(Q - a) [A cos{ (Q - a)r - B sin{ (Q - a)r -

where

= dQ/(fci - Q2)
tancfc = c2(Q - «)/[fcs - (Q - a)2]

(20b)

(20c)

and 1 — [L ~ 1. The above expressions for *i and *2 are
multivalued, and it is important to be consistent when choos-
ing the branch in numerical calculations.

Substitution of Eqs. (20) into (14) and "averaging" as in
Eq. (19a) results in (after lengthy but straightforward calcula-
tion) the following differential equations:

(dA/dr) =

where

- a2iB, (dB/dr) = a^A + anB (21)

an = — ciBQ(l
2[(fa - Q2)2 +

=
21

2[{fe - (Q -

Q)$(*i ~ Q2)

- a)}2]

2[(fa -

/(I - (Q - a)
2[{fa- (Q- a)

(22a)

(22b)

[The identity sin*i = ciQ/ { (ki - Q2)2 + (ciQ)2} 1/2, and similar
ones in cos*i, sin*2, and cos*2, have been utilized in deriving
Eq. (22).]

Eqs. (21) are easily solved to obtain,

A(r) = eailr{A0 cosa2ir - B0 sina2ir} (23a)

J5(T) = eanr{Ao sina2ir + B0 cosa2ir} (23b)

where A0 and B0 are initial values. Thus, in accordance with
the previous discussion a first approximation solution is,

A = A, B = B, £ = (24)

where A,B, and f,|5 are as given in Eqs. (23) and (20).
Thus Eq. (24) is a solution to Eqs. (14) and (15), and after

transformation by Eq. (13), also a solution to their exact
equivalent, namely Eqs. (9-12). The solution may be ex-
pected to be approximately valid whenever the right hand
side of Eq. (14) is "small," which is true when R and 7 are
sufficiently small. Inaccuracy may arise when the dampers
are excited at "near resonance" conditions, in which case x
and ft [and consequently the right-hand side of Eq. (14)]
may be very large.

The solution accuracy may be improved to any degree
desired, at the expense of laborious but straightforward
calculation, by invoking the theory for the higher order
calculation as outlined in Refs. 9-11.

Eqs. (9-12) have been solved numerically for a number of
selected cases, and the solutions have been compared with
Eq. (23) after a time interval for which J and ft had reached
"steady state" and the values of a were less than 100. In all
cases agreement was found. Figure 2 shows a sample set of
comparisons for a rather extreme case where R and I are 0.1.
The variables of greatest interest, A and B, agree well. The
variables £ and ft agree less well; notably, £ has a long subhar-
monic period which does not appear in the approximate solu-
tion. Presumably the situation could be improved by calcu-
lating a higher order approximation. In test checks at the
very small values of R and I encountered in practice, £, 0, A,
B agreements were very close. However, A and B vary
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much more slowly, and the results did not lend themselves
well to illustrative graphical comparisons.

Stability

The analytical stability criterion deduced from Eq. (23) is,

where an is given by Eq. (22a). This criterion has been
checked further for a number of critical cases against results
obtained by numerical application of Floquet analysis (de-
tails of the numerical method used are described in, e.g., Ref.
3). Results presented in Table 1 show that complete agree-
ment was found. In computing the Floquet exponents for
cases when a. was large, (a > 1000) and R and I were very
small (which is the case of interest in current satellite design),
computational inaccuracies were encountered, and stability
assessments were often questionable. The results listed in
Table 1 exclude consideration of such cases.

The criterion (25) is similar in form to that obtained by
Puri and Gido3 (for a different configuration) by the "damper-
reaction torque and quadratic function method." With
some manipulation, the criterion may also be cast into a form
equivalent to that obtained by the energy sink analysis of
Refs. 1 or 6. This is not entirely unexpected, since both the
energy sink and damper-reaction torque methods are phys-
ically motivated versions of an averaging technique (a "first
approximation" level of averaging evidently). In contrast,
the development offered herein is more precise, is based on
established theory, and will yield a complete solution of the
governing equations to any degree of approximation desired.
The numerical work reported in the preceding section indi-
cates that the first-approximation accuracy is adequate for
stability assessment of flight cases of interest but may be
lacking in describing the actual solution behavior.

When the rotor damper is absent, the problem of this paper
reduces to the one treated in Ref. 1 by the exact Routh-
Hurwitz method. When 7 = 0, criterion (25), obtained by
the method of averaging, reduces to, Q = A + Jot > 0,
since (1 + Q) is necessarily greater than zero. This state-
ment corresponds exactly to the criterion (42) of Ref. 1, since
the Q of this paper is equal to (X/W) of Ref. 1. Hence the
two sets of results agree. Expression (25) also agrees with
the useful qualitative picture of destabilizing and stabilizing
effects put forth in Refs. 1 and 2.

Factors Influencing the Design of Satellites
Upon recalling the definition of Q, one sees that (1 + Q) >

0 for all physically realizable configurations. Also, a, ci, c2,
and the denominators of Eq. (22a) are positive. Upon con-
sidering these facts in conjunction with Eq. (22a), one may
easily show that: a) the platform damper exerts a stabilizing

Table 1 Comparison of analytical and Floquet stability
calculations (for all calculations, ci = C2 = 0.1, R = 0.1)

Analytical
or Floquet

7 A J a ki &2 Remarks criterion

0.1

0.1

0.1

0.1

0
0

0.2

0.5

-0.5

-0.5

-0.5
-0.5

1.1

0.4

0.4

0.4

0.25
0.25

1

1

5

5

10
1

2

4

5

4

2
2

2

4

5

13

100
100

<£i > 0
02 > 0

0i < 0
02 < 0

0i > 0
02 < 0

<t>i> 0
02 < 0

stable

unstable

unstable

unstable

stable
unstable

influence if and only if Q > 0, i.e., when
{(Co/Ao) - 1} + «VAo)a > 0 (26a)

and b) the rotor damper exerts a stabilizing influence if and
only if (Q - a) > 0, i.e., when

((VA0) -!}(! + «) + (Cp/Ao) > 0 (26b)
an ^ 0 implies stability; an > 0 implies instability (25) where

= CR + CP

Let us consider briefly the case when a is large, say 100,000,
and CR/AQ > 0.001, which is the case of interest in the design
of current communications satellites. Since Co/A0, C«/A0,
and Cp/Ao are limited to [0,2], one sees that the platform
damper is always stabilizing, but the rotor damper is stabiliz-
ing if and only if CR/A0 > 1.

By examination of Eq. (22a) it is seen that the stabilizing
or destabilizing effect is greatly magnified for a given damper
when it is excited at or near resonance conditions. Hence it
appears that in practical satellite design for which the rotor
damping is of the destabilizing variety (such as in the gyrostat
design, where CR/AQ < 1) it is essential to be able to detect
and describe accurately all sources of damping.

Concluding Remarks
The analytical solution and stability criterion obtained by

the formal method of averaging, have been verified by com-
parison with numerically computed solutions over a range
of parameter values for which the numerical solutions are
accurate. When the rotor spin rate is large relative to the
platform and the ratio of damper mass to total mass is very
small, inaccuracies arise in computation of Floquet ex-
ponents and jeopardize the validity of stability results ob-
tained by that method. In contrast, the method of averaging
solution developed herein approaches the true solution with
increasing accuracy as (I/a), R, and 7, tend to small values.
Hence, the method of averaging appears to be well suited
to this problem.
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